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Energy-momentum and angular momentum densities in gauge theories of gravity
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In the Poincaregauge theory of gravity, which has been formulated on the basis of a principal fiber bundle
over the space-time manifold having the covering group of the proper orthochronous Pgjrmapeas the
structure group, we examine the tensorial properties of the dynamical energy-momentum @€gisiand the
“spin” angular momentum densit$'S,* of the gravitational field. They are both space-time vector densities,
and transform as tensors undgiobal SL(2,C) transformations. Undelocal internal translation,®T,* is
invariant, while ®S,* transforms inhomogeneously. The dynamical energy-momentum défigjty and the
“spin” angular momentum density'S,* of the matter field are also examined, and they are known to be
space-time vector densities and to obey tensorial transformation rules under ifeimzaregauge transfor-
mations. The corresponding discussions in extended new general relativity which is obtained as a teleparallel
limit of Poincaregauge theory are also given, and energy-momentum and “spin” angular momentum densities
are known to be well behaved. Namely, they are all space-time vector densities, etc. The tensorial properties of
canonical energy-momentum and “extended orbital angular momentum” densities are also examined.

PACS numbegps): 04.50+h

[. INTRODUCTION in ENGR, the transformation properties of the dynamical
energy-momentum densities, “spin” angular momentum
The energy-momentum and angular momentum play cerdensities, canonical energy-momentum densities, and “ex-
tral roles in modern theoretical physics. The conservation otended orbital angular momentum” densities under general
these is related to the homogeneity and isotropy of spacesoordinate transformations and und@sincaregauge trans-
time, respectively. Also, local objects such as energyformations[8]. The main result is thaall the dynamical
momentum and angular momentum densities are well deenergy-momentum densities and “spin” angular momentum
fined if the gravitational field does not take part. dgnsities in these theories are true space-time vector densi-
In general relativity, however, the energy-momentum and'€s-
angular momentum densities of the gravitational field so far
proposed are not space-time tensor densities. Rather, it is Il. POINCARE GAUGE THEORY
usually asserted1] that well-behaved energy-momentum
and angular momentum densities cannot be defined for the _—
gravitational field, while total energy-momentum and total PGT is formulated on the basis of the principal fiber
angular momentum are defined well for asymptotically flatoundle P over the space-timé/ possessing the covering
space-time. o group P, of the proper orthochronous Poincageup as the
In themegauge theory of gravityPGT) [2], which  structure group. The space-time is assumed to be a noncom-
has been formulated on the basis of principal fiber bundi@act four-dimensional differentiable manifold having a
over the space-time manifold having the covering group ofountable base. The bundieadmits a connectioli, whose
the proper orthochronous PoinCageoup as the structure tra_nslatlonzil and roktatlonal parts of the coefficients will be
group, we have defined dynamical energy-momentum an//tten asA’, "l’(‘”dAklw respectively. The fundamtintal field
“spin” angular momentum densities. For the asymptotically Variables ared”, , A i the Higgs-type field)={'}, and
flat space-time, the integration of the dynamical energy—the matter f|eld¢_={¢ [A=1,2,3... N} [9]. These fields
momentum density over spacelike surfacés the generator transform according t910]

A. Outline of the theory

of internal translation and gives the total energy-momentum o'k =(A(a ) (' —t)
of the system. Also, the integration of “spin” angular mo- ! ’
mentum density oves is the generator ahternal SL(2,C) A/k’u:(A(a—l))kl(AIM_l_tI’M_{_AIqutm)’

transformations and gives thetal (=spin+orbital) angular
momentun{3], when the Higgs-type fielg* is chosen to be

ko —1\\k Am n
=k x4 g0k O(1/rP) with constantse@ Ok A= (A @) A (A ()

[4-6]. In extended new general relativiENGR) which is +(A@ Yk A @)™,
obtained as a teleparallel limit of@T, corresponding results
have been obtaineld]. o' =[p((t,a) H] z0°5, (2.2

The purpose of this paper is to examine, both GiTPand
under thePoincaregauge transformation

*Electronic address: kawai@sci.osaka-cu.ac.jp o' (X)=o(x)-[t(x),a(x)],
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t(x)eT4 a(x)eSL2.C). (2.2

Here, A is the covering map fron8L(2,C) to the proper

orthochronous Lorentz group, apdstands for the represen-

tation of thePoincaregroup to which the fieldp” belongs.
Also, o and ¢’ stand for local cross sections @f. Dual
componentsk# of vierbeinse*, g/ 9x* are related to the field
y* and the gauge potentiafs, andA¥, through the rela-
tion

ek, =y F A LY AR, (2.3
and these transform according to
e, =A@ h)Ne,, 2.4

under the transformatio(2.2). Also, they are related to the

metricg,,,dx“®dx” of M through the relation
(2.5

— k Al
g/.w_ ki€ /.Le v

def
with (7)) =diag(—1,1,1,1).
There 5 a 2 to 1bundle homomorphisni from P to

affine frame bundled(M) over M, and an extended spinor

structure and a spinor structure exist associated with2}

The space-timeM is orientable, which follows from its as-

sumed noncompactness and from the fact khdias a spinor
structure.

The affine frame bundlel(M) admits a connectiofi 4 .
The T* partI'#, and GL(4,R) partI'*#,, of its connection
coefficients are related tA"m ande"M through the relations

re,=6,, A, =eeNl" , +ee”,, (26
by the requirement tha maps the connectiohl into I'y,
and the space-tim®l is of the Riemann-Cartan type.

The field strength®R¥,,,, R*,, and T¥,, of A

Ak
and ofe®, are given by[11] .

I
def

R¥ 2(A 1 T A A,

lpuv—

def
k k k |
R0 =2(A% A LA ),

def
T*,,=2(e%, g+ A€, (2.7
and we have the relation

T, =R, R 4" (2.9

The field strengthg®,, andR"' , are both invariant under
“ w

internal translations. The torsion is given by

T)\ :2[‘)\[”#] y (29)

wv

and theT* andGL(4,R) parts of the curvature are given by

(2.10
(2.10)

P A A
R //-V_Z(r [V,#]+F p[MFpV])’

N A A T
R PMV_Z(F p[wt]"'r T[,U«F pV])’
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respectively. Also, we have

k ok ™ ok pA
T,u,V_e}\T ,u,V_e}\R nv

(2.12

RY,,=e" e’ R} (2.13

puvs

which follow from Eq.(2.6).
The covariant derivative of the matter fiell takes the
form

Dy¢"=e4D,¢",

def i
D, 20,67+ A (M) +IA (P
(2.14

Here,M,, andP, are representation matrices of the standard
basis of the groug?y: M =—ip, (M), Px=—ip,(Py).
The matrixP, represents the intrinsic energy-momentum of
the field ” [12], and it is vanishing for all the observed
fields.

The Lagrangian density13]

f:LM(ek” ,¢k,Dk¢A,¢A)+fG(TkIm,Rklmn) (215)

satisfies the requirement §fo gauge invariance. HereM is

the Lagrangian density of the matter fiehd={ "} andL® is
the Lagrangian density of the gauge potentials given by

__ def
Le=LT+LR+dR (2.1

with

def
LT: Cltklmtk|m+ Cov kl)k+ Cgakak s

(2.17

def
LR= dlAklmnAklmn+ dZBklmanlmn+ d3Ck|mncklmn
(2.18

In the aboveg;,d; (i=1,2,3j=1,2,3...,6) andd are all
real constantd,,,v anda, are the irreducible components
of the field Strengtth|m, andAk|mn,Bk|mn,Ck|mn,Ek| N Kl s
and R are the irreducible components of the field strength
Riimn- Their definitions are enumerated in the Appendix.
The gravitational Lagrangian density® agrees with that
in Poincaregauge theory(PGT) [14], and hencegravita-
tional field equations iflPGT take the same forms as those in
PGT[15].
In Refs.[4—6], we have used in place &f°,

+d,EXE, +dsl Kl + dgR?.

def__
LC=LC+A//—q, (2.19
where we have defined
def def l
g=delg,,), A=(W*"A%,), (2.20

104014-2
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with oL, oL, I . S s
o gk oAl T oAk, ey )" (227
Wk|’“’=2d\/—_ge”[ke”|] . (22])
In order to get conserved generators, the Lagrangian density izﬂ oL oL
def _ , L= sylk T salk THET L sk
L=L®+LM, which leads to the same field equationslLas © 5
does, has been employed.
Let us considePoincaregauge transformation®.2) with oL T A
infinitesimal functionst and with ae SL(2,C) such that +2WAI] ;ﬁLiaTsA(Mkl(ﬁ) =0,
A(a) are represented as " (2.29
(A(a))kI:5k|+wk| (222 SL
R I —=0, (2.29
with infinitesimal functionswy,= — w,. Also, we consider A",
the infinitesimal coordinate transformations
tot w__ 5L —
X' H=xH+ et (2.23 Tk SAK =0, (230
o

with e* being infinitesimal functions. Under the product
transformations of Eqs(2.22 and (2.23, the fundamental 6L

tot — vV o=
fields y*,A*, A€, and ¢* and the Lagrangian density Saf+2 s~ 2", =0, (23D
transform according to g
K kKol sk oL
Y=Y -0 -t (tots(erngkl =0, (2.32
o
AR =R —MA R F AR = AR
T,/ -o0w, ™ oL Ak oL AK =0 (2.33
A/kIM:Ak|M+ wkl,,u,_ wkmAml,u_ wlmAkm,u_ GV,/.LAI(IV’ M N 5Ak,, K 5AI(IV ne :
i follow, where we have defined
¢'"= A=t (Pg) = 5 0 (M), (2.24
def
L=,/—gL, (2.39
1
L'=L+—09,A" (2.2 def gL LG
e R =——=——=—F%, (2.39
A", A",
with
def
def OT =Rk (Pcd)A+F A, (2.36
AV:wkIY#WHMV. (226) &¢ N
. . . def
We see that is invariant under the product transformations G #= — 2F ey — 2F P A, — AF e A,

of Eq. (2.22 with constwy and Eq.(2.23, but it violates
local SL(2,C) invariance. 9 A

In considering energy-momentum and angular momen- _la—A(Mkld’) ; (2.37)
tum, there are two possibilities in choosing the set of inde- ¢

pendent field variable$4—6], one is to choose the set def

{y*,A*, A" ¢* and the other is to choose the set T,/=68,"L—FXMAY —F AR —Fyk

{y¥, e, AN, d)A} instead. In the rest of this section, we

employ{z/; A" A ¢ as the set of independent field aw .

variables, because thls choice is preferential to the other, as B I " (2.38

we have seen in Refs.[4-6]. The case when v

{y*,e, ,A¥  ¢"} is employed will be mentioned in the fi- def

nal section. 3= = 2F M 4 2W M = — S A (2.39
From the transformation properti€2.24) and(2.25, the

identities[2] with
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def gL notes a term for which“O(1/r ) remains finite for —; a
Fe=—u (2.40  term O(1/r*) may of course be zero. We have shown the
W, following:
ydef oL oL® v Sl (0)
Fit’= A A =—Fq"", (2.4 M= i Tdo,=e"" M, (2.50
My
def K Kl def
W, H=FHMPAS + Rt AN = =W TR, (2.42 SkI:f €5 “da,
The energy-momentum densif§fT, * and the “spin” an-
gular momentum densitif'S,* are expressed as follows: =e9 e M#+ 2¢O My, (250
JL
totT def [ _
Tk AL (2.43 Me,= LTM”dafo, (2.52
tot — v
SH= B, (2.44 def [ _
AK!, LMV:f M,"da, =0, (2.53

by virtue of the identitie$2.29 and(2.31). Thus, °'T, * has

the standard form of gauge current in Yang-Mills theories,wheredaﬂ denotes the surface element on a spacelike sur-
while 'S # has not. There is an additional teriWz,** ,  faceo. Also, we have defined

which originates from the termA Vviolating the

SL(2,C)-gauge invariance of the gravitational Lagrangian def ,
density. M,= 77,u)\J ¢da,, (2.59
d g
When the field equations SL/SA¥, —f?L/aAk
—3d,(dLI9A%, ,)=0 andsL/5¢"=0 are both satisfied, we def N o
have the following: M# :LapK” pdax:f{r(xﬁa —x"0*)doy
(i) The field equationSL/5y*=0 is automatically satis- (2.55
fied, and hence/ is not an independent dynamical variable.
(i) with
9,°T*=0, (2.495
def
748" =0, (248 0''=203,0,4(—9)g""g""}, (2.56
which are the differential conservation laws of the dynamical def
energy-momentum and of the “spin” angular momentum, wapZeZd[Xﬂar{(_g)gy[xgp]a}
respectively(i) and(ii) follow from Egs.(2.27), (2.30, and ‘
(2.32. —x"0,{(—9)g*g"} + (- g)g ' g?"].
Equations(2.33 and(2.42 lead to (2.57)
9,T,"=0, (2.47)

Actually, Eq. (2.50 has been obtained without using Eq.
(2.49, but it is crucial in obtaining expression®.51)—
(2.53. Also, the expression of*” agrees with that of the
when SL/8A¥,=0, 5L/SA¥,=0, where M ’”_2(‘1’#‘” symmetric energy-momentum density proposed by Landau-
—XET\ 7). Equatlons(2 47 and (2.48 are the differential  Lifshitz in general relativity.
conservation laws of the canonical energy-momentum and The dynamical energy-momentulh, is the generator of
“extended orbital angular momentun{5,6], respectively. internal translations and the total energy momentum of the
In Refs. [4-6], we have examined the integrations of system. The “spin” angular momentus,, is the generator
tot p tolg # T and M,*” for asymptotically flat space- of internal SL(2,C) transformations and théotal (=spin

a,M,#"=0, (2.48

time by choosmg/f as +orbital) angular momentum of the system. The canonical
o o energy-momentunM®¢, and the “extended orbital angular
Y =el0k x#+ O+ O(1Ir ), momentum” L ,” are the generators of coordinate transla-

. (O pi1 t@ons and of coordinaté&sL(4,R) transformations, respec-
Pr = O T, (B>0), (249  tively [6,16].

The following is worth emphasizing: The total energy-
momentum and the total angular momentum are the genera-
tors of internal Poincaretransformations, and the generators
= \/(x1)2+(x2)2+(x3)2, and O(1/r*) with positive @ de-  of coordinate transformations are vanishing and trivial.

wheree®* is a constant satisfying(®*, 7, ,=7,,,
and yO% and B are constants. Also, we have defined
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B. Transformation properties of energy-momentum
and angular momentum densities

We define densitie§T,#,MT,#, 6S# and S * by

o ,0efoLC ,dL®
TkM: +F|V’u Kv— PR (258)
iy A M
e def LM LM (Prap)? M (2.59
= +i H)A= 2.5
k k H
&'//k# ’MSA,M Ak,u
e € JLC -
5K|”:_ZTllf|]_ZF[kV’LA|]V_4F[ka“A|] v
Iy"
LG
=—2 F2W M, (2.60
aAk'# K™
MS(:”'dEf ) LM i LM (M)
7= ! kI
a‘ﬂ[kw ’9¢Av#
= zﬁLM (2.61)
IAN, '

def def
with L¢=,/=gL® and LM=/=gLM. The densities®T*

PHYSICAL REVIEW D 62 104014

MT = MT = o MT e MT V= MT, (2.69
CS' 1= CSH — o™ CS i — o™ Syt — 2t ST
+em ,OSy — e \ OS2ty Fyt”
a(3,A")
—Zw[km,VEHm“"—ZT, (263
oA

MS = MSk — ™ MS i — M MS o — 2t MT ¢

+€M'VMSK|V_ GAYAMSHM. (266)
: GTF v M v
We define™T ", " T," by
% 2 L6 e aak vkl e
T,u :5;/, L _Fk A }\,,u,_Fkl A N alﬂk l// e
" (2.67)
def LM LM
M v__ vp M__ k A
Tui= ot awk,yw ” a¢A,V¢ "“ (269

which are the canonical energy-momentum densities of the
ravitational field and of the matter field, respectively. Also,

andMT,# are the dynamical energy-momentum densities ofye define

the gravitational field and of the matter fielg*, respec-

tively, while ¢S,* and MS* are “spin” angular momen-
tum densities of the gravitational and the matter fields, re-

spectively. There are the relations

Ol = OG 1+ Mg ..
(2.62

Under the product transformations of E¢8.22 and(2.23),
the densities®T,*, T #, ¢S,# and MS* transform ac-
cording to

tOtTk,u: GTkM_l_ MTk,u,,

OT" \#=CT i~ wy/ OT 4 e Ty — € \CTi —wy! "

9(d,A”)
* k
IAK,

: (2.63

- def -
M\ =2(Wy =X OT ),

(2.69

_ def
M M )\'LLV: —2x* MT)\V,

(2.70

which are the “extended orbital angular momentum” densi-
ties of the gravitational field and of the matter field, respec-
tively. There are the relations

'-I"#V: GT-#V_;F MT,u,Vv M)\[LV: GM)\[LV+ MM)\MV.

(2.77

The densitie®T ,*, VT ,”, °M,#” and "M, »” transform ac-
cording to

- - JL® aL®
GTI MV: GT ,u,V_(tk,)\M+Ak|)\t|,M)Fk)\V_(wkl,}\p,_wkm,MAmI)\_wlm,MAkm)\)Fk|)\V+tk,M ” +wkl,,u T lﬁ”
Iy, I,
v a(aPAP) Kk &(&PAP) k a(aPAp) ki N GF v v GF X\ N GF v \v
+(d,A?)0,"— P m IAK A\~ IR ANt € TN =€\ PT e \ T+ e W,
(2.72
aLM M
M7 v_ M v k ki AN M v v M N AN M v
T w TM +1 ”u'é)lpk'y_i_w ’Malp[kyywl]_’_e L T)\ —E€ )\ TM —E€ )\ T:u y (273)
G|\7|'>\’“'=2(‘I" )\MV_XMG:[‘-,)\V_ GMGT)\V), (274)
MI\"/"’}\#V:_ZXMMT, )\V_ZEMMT)\V, (275)
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under the product transformations of E¢®.22) and(2.23),
whereWw ', #” denotes the transformedr, *”:

9(3,AP)
JAK

W=, m R R of Ry e A¥,

w,v
A" |
Ak|

v 14
)\— €’ \W 1+ et WP

€ ,p\wP— € W\, (2.76

IIl. EXTENDED NEW GENERAL RELATIVITY

A. Reduction of Poincare gauge theory
to extended new general relativity

PHYSICAL REVIEW D 62104014

IOtTkMz Fkl'l""i P (39)

dL
(Pep)™,
o kP

OIS = = 2F gy — 2F A~

——(My)”,
“ (3.10

respectively. The identitie®.29 and(2.30), the expression
(2.43), and the conservation law®.45 and (2.46) remain
unchanged and there is no identity corresponding to Egs.
(2.31) and (2.32 and no expression corresponding to Eq.
(2.44.
The field equationsL/5y*=0 is automatically satisfied,
if the field equationsﬁL/éAk =0 andsL/5¢”=0 are both
atisfied.

sa
In PGT we consider the case in which the field strength ¢ identity (2.33, the definitions(2.38 and (2.42 are

R , vanishes identically,

(3.2

then, the curvature vanishes and we have a teleparallel

theory.
We choose th&L(2,C) gauge such that
A =0, (3.2

which reduces the expressions of V|erb%'1§ affine con-
nection coeff|C|entsl“x , and the covariant derivativ® ¢

to
kM: ¢kyM+Akw (3.3
r,,=e4e, . (3.4)
DK¢A:eMkD,u,¢A1 (35)
D, ¢"=3,¢ " +iA! (P9)~, (3.6)
respectively.

Since LR=0=dR, the gravitational Lagrangian density
LS is reduced td.®=LT, which agrees with the gravitational
Lagrangian density in new general relativiyGR) [17,18.
Thus, the gravitational field equations iEENGR take the
same forms as those NGR. _

As is the case of the Lagrangian dendi§y+ LM in PGT,

L=L"+LM is invariant under the product transformations of

Eq. (2.22 with constw,; and Eq.(2.23), but it violateslocal
SL(2,C) invariance.

The identities(2.27) and (2.28 and the definition$2.36)
and(2.37) are reduced t¢19]

5L+ oL i L(P (Z))A 0 3.7
— i— =0, :
syr | oAk, Py
Y P LA L W My )"=0,
n S 51//[,(%] oAl N 5¢A( k)

(3.8

reduced to

LW, VK——(SL A¥,=0,
SA¥

14

(3.11

def

~ JL
v__ vy _ Avak _ A
T,r=08,"L—F AR, " P

v

- Fkvlyllk,,u )
(3.12

def
WM =F A = =W (3.13
respectively. The conservation lak&47) and(2.48 remain
unchanged.

For the case witlc;=—1/(3«x)=—c,, we have exam-
ined[7] My,Sq,M°®,, andL ,” defined in the same ways as
in PGT for asymptotlcally flat space-time by choosiitj as
given by Eq.(2.49 and assuming some additional conditions
on asymptotic behaviors of field variables. The same expres-

sions as Eqs(2.50—(2.53 hold also for this case.

B. Transformation properties of energy-momentum
and angular momentum densities

In the case of ENGR, the energy-momentum and “spin”
angular momentum densitiegT,*, MT,#, ©S,# and M »

in PGT reduce td20]

oo gLt AL’ (3.14
“Cogk, o<, '
M u aLM aLM (Prp)he LM (3.15
kK = k = ) .
awkﬂ ¢A Ale
T
CSH=— T'ﬂl]_ZF[kV”Auw (3.16
Iy "
MG #=— L—Mlﬂu (Mk|¢)A- (3.17
&l//[k,y, ¢A
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Under the product transformations of E¢8.22 and(2.23,
these densities transform according as

GT’ kM: GTkIJ’_ wkl GT|’M+ E’u‘VGTkV_ E}\‘}\GTK”

_wkl,vFlﬂvr (318)
MT = MT = o MT 4 e MT = e \MT A,
(3.19

CS 1= CSt — 0™ S — o)™ Syt — 2t T
+e* CSy — e\ OS2ty Y, (3.20
Mg k= Msklﬂ_wkm M5m|”_w|mM5km”
=2ty MT g+ e MS = € \MSy -
(3.21)

Equation(2.67) reduces to
T

JL 1//"
gk, "

v

(3.22

GT v_ v T vk
T,'=6,"L _FKAAX,M_

def
with LT=/=gL", while Egs. (2.68—(2.71) remain un-
changed.
The densities®T ,” and T ,” transform according to

~ ~ LT gL’
GFr v_G v k Av k kl
T =T "—t F 7+t +w —
M " AR ,/L&wk 'Mﬂlﬂ[k,y |

vV

N GTF GT \ N GTF N
+e " T)\V_ eyy)\ T,u, — € A TMV+ ep’)\'u"lfp V,
(3.23

LM LM

v_ M v k kl

=MT Y+t +w
M e vz

k,v alp[k,v

MT,M

¢|] + EA'#MT)\V

v M A AN M v
—E€ )\ TM —E€ )\ T,uv

(3.29

under the product transformations of E¢®.22 and (2.23.

The transformation properties &, “” and of M, ** are
given by the same forms as Eq&.74) and (2.75), respec-

tively, where, for the present cas€T’ ,” and MT’ ,” are
given by Egs.(3.23 and (3.24), respectively. Equation
(2.76) is reduced to

vy’ )\MV:\I’)\ILV"'tk’)\FkMV_ fp’)\\ltp/'“}‘i" 6,u'p\I,)\pV

(3.29

14 14
+e” W1 — el W,

IV. SUMMARY AND DISCUSSIONS

PHYSICAL REVIEW D 62 104014

under internalPoincaretransformations are summarized as
follows:

(a) The dynamical energy-momentum densfty,“ of the
gravitational field is invariant undelocal translations. It
transforms as a vector undgtobal SL(2,C) transforma-
tions. But, it is not vectorial unddopcal SL(2,C) transfor-
mations.

(b) The dynamical energy-momentum densMT,* of
the matter field¢” is invariant undetocal translations. It
transforms as a vector undieccal SL(2,C) transformations.

(c) Underglobal translations, the “spin” angular momen-
tum density®S,* of the gravitational field receives transfor-
mations which correspond to translations in internal space-
time, and it transforms as a tensor undgobal SL(2,C)
transformations. But, it is not tensorial undecal Poincare
transformations.

(d) The “spin” angular momentum densit}f S.* of the
matter fieldgp” is tensorial undefocal Poincaretransforma-
tions.

(1B) From Egs. (2.72—-(2.76, we see that°T,”,
MT,”, €M, #*, and MM,»* are all invariant undeglobal
internal Poincaretransformations. They are not invariant un-
derlocal Poincaretransformations. Also, we can see the fol-
lowing:

(e) The canonical energy-momentum dens‘?@MV of the
gravitational field transforms as tensor densities under affine
coordinate transformatior’#=a* x”+b#, but it does not
transform as a tensor density under general coordinate trans-
formations[21].

(f) The canonical energy-momentum denéYt‘yFM” of the
matter field¢” transforms as a tensor density under general
coordinate transformations.

(g) Both of “extended orbital angular momentum” den-

sities M, #* and MM, #* transform as tensor densities under
constantGL(4,R)-coordinate transformations, and they re-
ceive space-time translations under constant coordinate
transformations. They do not transform as tensor densities
under general coordinate transformations.

[2] Results in extended new general relatiiBNGR):

(2A) All the densities®T#, T, #, ¢S, \#, and MS,\* are
space-time vector densities. Also for the case of ENGR, the
same statements da), (b), and (d) in (1A) hold true for
ST A MT #, and MS, ». As for ©S,#, we have the follow-
ing [22]:

(c’y The density 6S* receives transformations which
correspond to translations of the origin of internal space-time
underglobal translations, and it transforms as a tensor under
local SL(2,C) transformations. But, it is not tensorial under

We have examined the transformations properties ofocal internal translations.
energy-momentum densities and of angular momentum den- (2B) Also for ©T,”,MT,” °M,#*, and MM,*" in

sities both in BT and in ENGR.
Results can be summarized as follows:
[1] Results inPoincaregauge theoryPGT):

ENGR, the same statements ag 1) hold true.
Since T, *, MT#, ¢S,#, and MS* are all space-time
vector densities in both theories, the energy-momenta and

(1A) From Egs.(2.63—(2.66, we see that the densities angular momenta of the gravitational field and of the matter
ST A MT #, 65 # and MS,* are all space-time vector den- field are defined well, and independent of the coordinate sys-
sities, i.e., they transform as vector densities under generéém employed. For example, the energy-momenftivh, of
coordinate transformations. Their transformation propertieshe gravitational field is defined by
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GMkd:efJ‘ S @1 ind{ez} In ENGR, we can choos{a,//",e"lf,gbA}_as the set of
” pendent field variabl¢g,24]. For this choice, almost the
and we have same statements as ifl} hold, and the total energy-
momentum and total angular momentum are obtained only
Y k:f GTk“doM=J °T"\#do', . (4.2 by using densities which are not tensor densities.

The choice{y*,A*, ,A¥' ,¢"} with the condition(2.49
_ _ _ in PGT and the choice{4*A¥, ,#*} with the condition
As we have mentioned in the final parts of Secs. Il A and; 49 jn ENGR are preferential to all the other choices.
A, _the total energy-momentum and theetal (=spin In general relativity, all the known energy-momentum and
+orbital) angular momentum are given b, andSy; foran  4n441ar momentum densities of the gravitational field are not
asymptotlcallg/ flat space-time, wh.|le the canonical energy'space-time tensor densitidWegauge theory and ex-
moyment_um\/l w and ‘_‘extended or_b|tal angular MOMENtUM” o jaq new general relativity are preferential to general rela-
Ly wh|cb are obt~a|ned as the integrations of nontensorlaEivity in the point that the former two theories have energy-
quantitiesT ,” andM, #*, on the other hand, vanish and are momentum and angular momentum densities of the

trivial. _ N gravitational field which are true space-time vector densities
In both in FGT and in ENGR, the densitie¥T,# and [25].

Ms # are well behaved undéocal internal Poincaretrans-

formations, while the energy-momentum densif,“ of the APPENDIX
gravitational field is well behaved undkercal internal trans-

lations. In ENGR, the “spin” angular momentum density ~ The irreducible componentgyy,, vy, anday of Ty, are
65,# of the gravitational field is well behaved undecal ~ defined by the following:
internal SL(2,C) transformations.

. L . " defl 1 1
It is worth mentioning here that the Lagrangian densities tam=2 (Tiam+ Tikm) + 5 (7m0 1+ mivi) = 3 7aVm»

L®+LM in PGT andLT+LM in ENGR are both invariant Al
under local internal translations and undefobal internal (A1)
SL(2,C) transformations, but they violate the invariance un- def |

der local internal SL(2,C) transformations. Thus, one may VK= Tk (A2)
claim that we need not bother about the fact tRai* in def]l

PGT and in ENGR and®S,* in PGT are not tensorial under a=gekmnl (A3)

local internalSL(2,C) transformations. In ENGR, in particu-

lar, this can be strongly asserted, becausecal where the symbat,.,, stands for completely antisymmetric

SL(2,C)-gauge invariance is rather accidenfaB] in this  Lorentz tensor withe g)(1)(2)3= — 1 [26].

theory due to the lack dbL(2,C)-gauge potentiaAk'M. The irreducible componentsAyimn,Bkimn:Ckimn:Exi »
We now give comments on alternative choices of sets of,,,R of Ry, are defined by the following:

independent field variables: defl

{1} In PGT, we can chooséy*,e, ,A¥, ¢ astheset 5 “- R ‘R ‘R IR . 4+R. .+R
of independent field variablei,6,23. The dynamical and = <™ & (Rumn* Rimait R+ Rimkn+ Rinmict Rk

canonical energy-momentum densities and spin and “ex- (A4)
tended orbital angular momentum” densities can be defined defl

also for this case. The dynamical energy-momentum and Bximn=2z (Wiimn*Wmnki™ Winim™ Wimkn) (A5)
spin angular momentum densities are space-time vector den-

sities, and the canonical energy-momentum and “extendedC def]. Wor — W A6
orbital angular momentum” densities are not space-time ten- amn=7 (Wiamn™Wmnia), (A6)
sor densities. The transformation properties of these quanti- def]

ties under thePoincaregauge transformations are much the Exi=5(Ra—Ru), (A7)
same as in the case witfy* A%, A ¢} being em-

ployed. For the choicgy*,e*, ,A¥' ' "}, however, the total def]

dynamical energy-momentum vanishes identically and the la=7 (Rt Ri) = 7 maR, (A8)
total canonical energy-momentum gives the total energy-

momentum for the asymptotically flat space-time for a suit- R=7"Ry (A9)

ably chosen coordinate system. Also, for asymptotically flat

space-time, the spin angular momentum and orbital angule\’r‘"th

momentum are both divergent, and the total angular momen- def

tum is obtainable only as the sum of spin and orbital angular Wkimn= Rkimn™ 7 (7xmRin + 71nRkm™ 7xnRim = 71mRn)
momenta. Thusthe total energy-momentum and the total

angular momentum cannot be defined independently of the n l _ R A10
coordinate system employeoecause both of the canonical 6 (M~ m ko) R (A10)
energy-momentum and orbital angular momentum densities def

are not tensor densities. Ru= 7""Remin- (A1)
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