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Energy-momentum and angular momentum densities in gauge theories of gravity
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In the Poincare´ gauge theory of gravity, which has been formulated on the basis of a principal fiber bundle
over the space-time manifold having the covering group of the proper orthochronous Poincare´ group as the
structure group, we examine the tensorial properties of the dynamical energy-momentum densityGTk

m and the
‘‘spin’’ angular momentum densityGSkl

m of the gravitational field. They are both space-time vector densities,
and transform as tensors underglobal SL(2,C) transformations. Underlocal internal translation,GTk

m is
invariant, whileGSkl

m transforms inhomogeneously. The dynamical energy-momentum densityMTk
m and the

‘‘spin’’ angular momentum densityMSkl
m of the matter field are also examined, and they are known to be

space-time vector densities and to obey tensorial transformation rules under internalPoincare´ gauge transfor-
mations. The corresponding discussions in extended new general relativity which is obtained as a teleparallel
limit of Poincare´ gauge theory are also given, and energy-momentum and ‘‘spin’’ angular momentum densities
are known to be well behaved. Namely, they are all space-time vector densities, etc. The tensorial properties of
canonical energy-momentum and ‘‘extended orbital angular momentum’’ densities are also examined.

PACS number~s!: 04.50.1h
e
o
c

gy
d

n
fa
it
m
t

ta
a

d
o

an
lly
gy

um
-

s

al
m

‘ex-
ral

um
nsi-

er
g

om-
a

be
d

I. INTRODUCTION

The energy-momentum and angular momentum play c
tral roles in modern theoretical physics. The conservation
these is related to the homogeneity and isotropy of spa
time, respectively. Also, local objects such as ener
momentum and angular momentum densities are well
fined if the gravitational field does not take part.

In general relativity, however, the energy-momentum a
angular momentum densities of the gravitational field so
proposed are not space-time tensor densities. Rather,
usually asserted@1# that well-behaved energy-momentu
and angular momentum densities cannot be defined for
gravitational field, while total energy-momentum and to
angular momentum are defined well for asymptotically fl
space-time.

In the Poincare´ gauge theory of gravity~P̄GT! @2#, which
has been formulated on the basis of principal fiber bun
over the space-time manifold having the covering group
the proper orthochronous Poincare´ group as the structure
group, we have defined dynamical energy-momentum
‘‘spin’’ angular momentum densities. For the asymptotica
flat space-time, the integration of the dynamical ener
momentum density over spacelike surfaces is the generator
of internal translation and gives the total energy-moment
of the system. Also, the integration of ‘‘spin’’ angular mo
mentum density overs is the generator ofinternal SL(2,C)
transformations and gives thetotal ~5spin1orbital! angular
momentum@3#, when the Higgs-type fieldck is chosen to be
ck5e(0)k

mxm1c (0)k1O(1/r b) with constantse(0)k
m ,c (0)k

@4–6#. In extended new general relativity~ENGR! which is
obtained as a teleparallel limit of PḠT, corresponding result
have been obtained@7#.

The purpose of this paper is to examine, both in PḠT and
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in ENGR, the transformation properties of the dynamic
energy-momentum densities, ‘‘spin’’ angular momentu
densities, canonical energy-momentum densities, and ‘
tended orbital angular momentum’’ densities under gene
coordinate transformations and underPoincare´ gauge trans-
formations @8#. The main result is thatall the dynamical
energy-momentum densities and ‘‘spin’’ angular moment
densities in these theories are true space-time vector de
ties.

II. POINCARÉ GAUGE THEORY

A. Outline of the theory

P̄GT is formulated on the basis of the principal fib
bundle P over the space-timeM possessing the coverin
group P̄0 of the proper orthochronous Poincare´ group as the
structure group. The space-time is assumed to be a nonc
pact four-dimensional differentiable manifold having
countable base. The bundleP admits a connectionG, whose
translational and rotational parts of the coefficients will
written asAk

m andAk
lm , respectively. The fundamental fiel

variables areAk
m , Ak

lm , the Higgs-type fieldc5$ck%, and
the matter fieldf5$fAuA51,2,3, . . . ,N% @9#. These fields
transform according to@10#

c8k5„L~a21!…kl~c l2t l !,

A8k
m5„L~a21!…kl~Al

m1t l
,m1Al

mmtm!,

A8k
lm5„L~a21!…kmAm

nm„L~a!…nl

1„L~a21!…km„L~a!…ml ,m ,

f8A5@r„~ t,a!21
…#A

BfB, ~2.1!

under thePoincare´ gauge transformation

s8~x!5s~x!•@ t~x!,a~x!#,
©2000 The American Physical Society14-1
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t~x!PT4, a~x!PSL~2,C!. ~2.2!

Here, L is the covering map fromSL(2,C) to the proper
orthochronous Lorentz group, andr stands for the represen
tation of thePoincare´ group to which the fieldfA belongs.
Also, s and s8 stand for local cross sections ofP. Dual
componentsek

m of vierbeinsem
k]/]xm are related to the field

ck and the gauge potentialsAk
m andAk

lm through the rela-
tion

ek
m5ck

,m1Ak
lmc l1Ak

m , ~2.3!

and these transform according to

e8k
m5„L~a21!…kle

l
m , ~2.4!

under the transformation~2.2!. Also, they are related to th
metric gmndxm

^ dxn of M through the relation

gmn5hkle
k
mel

n ~2.5!

with (hkl)5
def

diag(21,1,1,1).
There is a 2 to 1bundle homomorphismF from P to

affine frame bundleA(M ) over M, and an extended spino
structure and a spinor structure exist associated with it@12#.
The space-timeM is orientable, which follows from its as
sumed noncompactness and from the fact thatM has a spinor
structure.

The affine frame bundleA(M ) admits a connectionGA .
The T4 part Gm

n and GL(4,R) part Gm
nl of its connection

coefficients are related toAk
lm andek

m through the relations

Gm
n5dm

n , Ak
lm5ek

nel
lG

n
lm1ek

nen
l ,m , ~2.6!

by the requirement thatF maps the connectionG into GA ,
and the space-timeM is of the Riemann-Cartan type.

The field strengthsRk
lmn , Rk

mn and Tk
mn of Ak

lm , Ak
m

and ofek
m are given by@11#

Rk
lmn5

def
2~Ak

l [n,m]1Ak
m[mAm

ln] !,

Rk
mn5

def
2~Ak

[n,m]1Ak
l [mAl

n] !,

Tk
mn5

def
2~ek

[n,m]1Ak
l [mel

n] !, ~2.7!

and we have the relation

Tk
mn5Rk

mn1Rk
lmnc l . ~2.8!

The field strengthsTk
mn andRkl

mn are both invariant unde
internal translations. The torsion is given by

Tl
mn52Gl

[nm] , ~2.9!

and theT4 andGL(4,R) parts of the curvature are given b

Rl
mn52~Gl

[n,m]1Gl
r[mGr

n] !, ~2.10!

Rl
rmn52~Gl

r[n,m]1Gl
t[mGt

rn] !, ~2.11!
10401
respectively. Also, we have

Tk
mn5ek

lTl
mn5ek

lRl
mn , ~2.12!

Rk
lmn5ek

ler
lR

l
rmn , ~2.13!

which follow from Eq.~2.6!.
The covariant derivative of the matter fieldf takes the

form

Dkf
A5em

kDmfA,

DmfA5
def

]mfA1
i
2 Alm

m~Mlmf!A1 iAl
m~Plf!A.

~2.14!

Here,Mkl andPk are representation matrices of the stand
basis of the groupP̄0 : Mkl52 ir* (M̄ kl), Pk52 ir* ( P̄k).
The matrixPk represents the intrinsic energy-momentum
the field fA @12#, and it is vanishing for all the observe
fields.

The Lagrangian density@13#

L̄5LM~ek
m ,ck,Dkf

A,fA!1L̄G~Tklm,Rklmn! ~2.15!

satisfies the requirement ofP̄0 gauge invariance. Here,LM is
the Lagrangian density of the matter fieldf5$fA% andL̄G is
the Lagrangian density of the gauge potentials given by

L̄G5
def

LT1LR1dR ~2.16!

with

LT5
def

c1tklmtklm1c2vkvk1c3akak , ~2.17!

LR5
def

d1AklmnAklmn1d2BklmnBklmn1d3CklmnCklmn

1d4EklEkl1d5I klI kl1d6R2. ~2.18!

In the above,ci ,dj ( i 51,2,3,j 51,2,3, . . . ,6) andd are all
real constants,tklm ,vk andak are the irreducible component
of the field strengthTklm , andAklmn ,Bklmn ,Cklmn ,Ekl ,I kl ,
and R are the irreducible components of the field streng
Rklmn . Their definitions are enumerated in the Appendix.

The gravitational Lagrangian densityL̄G agrees with that
in Poincare´ gauge theory~PGT! @14#, and hencegravita-
tional field equations inP̄GT take the same forms as those
PGT @15#.

In Refs.@4–6#, we have used in place ofL̄G,

LG5
def

L̄G1D/A2g, ~2.19!

where we have defined

g5
def

det~gmn!, D5
def

~Wkl
mnAkl

m! ,n ~2.20!
4-2
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ENERGY-MOMENTUM AND ANGULAR MOMENTUM . . . PHYSICAL REVIEW D 62 104014
with

Wkl
mn5

def
2dA2gem

[ke
n

l ] . ~2.21!

In order to get conserved generators, the Lagrangian den

L5
def

LG1LM, which leads to the same field equations asL̄
does, has been employed.

Let us considerPoincare´ gauge transformations~2.2! with
infinitesimal functionstk and with aPSL(2,C) such that
L(a) are represented as

„L~a!…kl5dk
l1vk

l ~2.22!

with infinitesimal functionsvkl52v lk . Also, we consider
the infinitesimal coordinate transformations

x8m5xm1em ~2.23!

with em being infinitesimal functions. Under the produ
transformations of Eqs.~2.22! and ~2.23!, the fundamental
fields ck,Ak

m ,Akl
m, and fA and the Lagrangian densityL

transform according to

c8k5ck2vk
lc

l2tk,

A8k
m5Ak

m2vk
lA

l
m1tk

,m1Ak
lmt l2en

,mAk
n ,

A8kl
m5Akl

m1vkl
,m2vk

mAml
m2v l

mAkm
m2en

,mAkl
n ,

f8A5fA2 i t k~Pkf!A2
i

2
vkl~Mklf!A, ~2.24!

L85L1
1

A2g
]nLn ~2.25!

with

Ln5
def

vkl
,mWkl

mn. ~2.26!

We see thatL is invariant under the product transformatio
of Eq. ~2.22! with constvkl and Eq.~2.23!, but it violates
local SL(2,C) invariance.

In considering energy-momentum and angular mom
tum, there are two possibilities in choosing the set of in
pendent field variables@4–6#, one is to choose the se
$ck,Ak

m ,Akl
m ,fA% and the other is to choose the s

$ck,ek
m ,Akl

m ,fA% instead. In the rest of this section, w
employ $ck,Ak

m ,Akl
m ,fA% as the set of independent fie

variables, because this choice is preferential to the othe
we have seen in Refs.@4–6#. The case when
$ck,ek

m ,Akl
m ,fA% is employed will be mentioned in the fi

nal section.
From the transformation properties~2.24! and ~2.25!, the

identities@2#
10401
ity

-
-

as

dL

dck
1

dL

dAl
m

Ak
l
m1S dL

dAk
m
D

,m

1 i
dL

dfA
~Pkf!A[0, ~2.27!

dL

dc [k
c l ]1

dL

dA[k
m

Al ]m1S dL

dAkl
m
D

,m

12
dL

dA[km
m

Al ]
m

m1
i

2

dL

dfA
~Mklf!A[0,

~2.28!

totTk
m2Fk

mn
,n2

dL

dAk
m

[0, ~2.29!

S totTk
m2

dL

dAk
m
D

,m

[0, ~2.30!

totSkl
m12

dL

dAkl
m

2Skl
mn

,n[0, ~2.31!

S totSkl
m12

dL

dAkl
m
D

,m

[0, ~2.32!

T̃m
n2]lCm

nl2
dL

dAk
n

Ak
m2

dL

dAkl
n

Akl
m[0 ~2.33!

follow, where we have defined

L5
def

A2gL, ~2.34!

Fk
mn5

def ]L

]Ak
m,n

5
]LG

]Ak
m,n

52Fk
nm, ~2.35!

totTk
m5

def
Fk

m1 i
]L

]fA
,m

~Pkf!A1Fl
nmAk

l
n , ~2.36!

totSkl
m5

def
22F[k

mc l ]22F[k
nmAl ]n24F[km

nmAl ]
m

n

2 i
]L

]fA
,m

~Mklf!A, ~2.37!

T̃m
n5

def
dm

nL2Fk
lnAk

l,m2Fkl
lnAkl

l,m2Fk
nck

,m

2
]L

]fA
,n

fA
,m , ~2.38!

Skl
mn5

def
22Fkl

mn12Wkl
mn52Skl

nm ~2.39!

with
4-3
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TOSHIHARU KAWAI PHYSICAL REVIEW D 62 104014
Fk
m5

def ]L

]ck
,m

, ~2.40!

Fkl
mn5

def ]L

]Akl
m,n

5
]LG

]Akl
m,n

52Fkl
nm, ~2.41!

Cl
mn5

def
Fk

mnAk
l1Fkl

mnAkl
l52Cl

nm. ~2.42!

The energy-momentum densitytotTk
m and the ‘‘spin’’ an-

gular momentum densitytotSkl
m are expressed as follows:

totTk
m5

]L

]Ak
m

, ~2.43!

totSkl
m522

]L

]Akl
m

12Wkl
mn

,n , ~2.44!

by virtue of the identities~2.29! and~2.31!. Thus, totTk
m has

the standard form of gauge current in Yang-Mills theori
while totSkl

m has not. There is an additional term 2Wkl
mn

,n
which originates from the term D violating the
SL(2,C)-gauge invariance of the gravitational Lagrangi
density.

When the field equations dL /dAk
m5

def
]L /]Ak

m
2]n(]L /]Ak

m,n)50 anddL /dfA50 are both satisfied, we
have the following:

~i! The field equationdL /dck50 is automatically satis-
fied, and henceck is not an independent dynamical variab

~ii !

]m
totTk

m50, ~2.45!

]m
totSkl

m50, ~2.46!

which are the differential conservation laws of the dynami
energy-momentum and of the ‘‘spin’’ angular momentu
respectively.~i! and~ii ! follow from Eqs.~2.27!, ~2.30!, and
~2.32!.

Equations~2.33! and ~2.42! lead to

]nT̃m
n50, ~2.47!

]nM̃l
mn50, ~2.48!

when dL /dAk
m50, dL /dAkl

m50, where M̃l
mn5

def
2(Cl

mn

2xmT̃l
n). Equations~2.47! and ~2.48! are the differential

conservation laws of the canonical energy-momentum
‘‘extended orbital angular momentum’’@5,6#, respectively.

In Refs. @4–6#, we have examined the integrations
totTk

m, totSkl
m,T̃m

n and M̃l
mn for asymptotically flat space

time by choosingck as

ck5e(0)k
mxm1c (0)k1O~1/r b!,

ck
,m5e(0)k

m1O~1/r b11!, ~b.0!, ~2.49!

where e(0)k
m is a constant satisfyinge(0)k

mhkle
(0)l

n5hmn ,
and c (0)k and b are constants. Also, we have definedr

5
def

A(x1)21(x2)21(x3)2, and O(1/r a) with positive a de-
10401
,

.

l
,

d

notes a term for whichr aO(1/r a) remains finite forr→`; a
term O(1/r a) may of course be zero. We have shown t
following:

Mk5
defE

s

totTk
mdsm5e(0)m

kMm , ~2.50!

Skl5
defE

s

totSkl
mdsm

5e(0)
kme(0)

lnMmn12c (0)
[kM l ] , ~2.51!

Mc
m5

defE
s
T̃m

ndsn50, ~2.52!

Lm
n5

defE
s
M̃m

nldsl50, ~2.53!

wheredsm denotes the surface element on a spacelike
faces. Also, we have defined

Mm5
def

hmlE
s
ulndsn , ~2.54!

Mmn5
defE

s
]rKmnlrdsl5E

s
~xmunl2xnuml!dsl

~2.55!

with

uln5
def

2d]r]s$~2g!gl[ngr]s%, ~2.56!

Kmnlr5
def

2d@xm]s$~2g!gn[lgr]s%

2xn]s$~2g!gm[lgr]s%1~2g!gm[lgr]n#.

~2.57!

Actually, Eq. ~2.50! has been obtained without using E
~2.49!, but it is crucial in obtaining expressions~2.51!–
~2.53!. Also, the expression ofuln agrees with that of the
symmetric energy-momentum density proposed by Land
Lifshitz in general relativity.

The dynamical energy-momentumMk is the generator of
internal translations and the total energy momentum of
system. The ‘‘spin’’ angular momentumSkl is the generator
of internal SL(2,C) transformations and thetotal ~5spin
1orbital! angular momentum of the system. The canoni
energy-momentumMc

m and the ‘‘extended orbital angula
momentum’’ Lm

n are the generators of coordinate trans
tions and of coordinateGL(4,R) transformations, respec
tively @6,16#.

The following is worth emphasizing: The total energ
momentum and the total angular momentum are the gen
tors of internal Poincare´ transformations, and the generato
of coordinate transformations are vanishing and trivial.
4-4
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B. Transformation properties of energy-momentum
and angular momentum densities

We define densitiesGTk
m, MTk

m, GSkl
m and MSkl

m by

GTk
m5

def ]LG

]ck
,m

1Fl
nmAk

l
n5

]LG

]Ak
m

, ~2.58!

MTk
m5

def ]L M

]ck
,m

1 i
]L M

]fA
,m

~Pkf!A5
]L M

]Ak
m

, ~2.59!

GSkl
m5

def
22

]LG

]c [k
,m

c l ]22F[k
nmAl ]n24F[km

nmAl ]
m

n

522
]LG

]Akl
m

12Wkl
mn

,n , ~2.60!

MSkl
m5

def
22

]L M

]c [k
,m

c l ]2 i
]L M

]fA
,m

~Mklf!A

522
]L M

]Akl
m

~2.61!

with LG5
def

A2gLG and L M5
def

A2gLM. The densitiesGTk
m

and MTk
m are the dynamical energy-momentum densities

the gravitational field and of the matter fieldfA, respec-
tively, while GSkl

m and MSkl
m are ‘‘spin’’ angular momen-

tum densities of the gravitational and the matter fields,
spectively. There are the relations

totTk
m5 GTk

m1 MTk
m, totSkl

m5 GSkl
m1 MSkl

m.
~2.62!

Under the product transformations of Eqs.~2.22! and~2.23!,
the densitiesGTk

m, MTk
m, GSkl

m and MSkl
m transform ac-

cording to

GT8 k
m5 GTk

m2vk
l GT l

m1em
,n

GTk
n2el

,l
GTk

m2vk
l
,nFl

mn

1
]~]nLn!

]Ak
m

, ~2.63!
10401
f

-

MT8 k
m5 MTk

m2vk
l M T l

m1em
,n

MTk
n2el

,l
MTk

m, ~2.64!

GS8 kl
m5 GSkl

m2vk
m GSml

m2v l
m GSkm

m22t [k
GT l ]

m

1em
,n

GSkl
n2el

,l
GSkl

m22t [k,nFl ]
mn

22v [k
m

,nSl ]m
mn22

]~]nLn!

]Akl
m

, ~2.65!

MS8 kl
m5 MSkl

m2vk
m MSml

m2v l
m MSkm

m22t [k
MT l ]

m

1em
,n

MSkl
n2el

,l
MSkl

m. ~2.66!

We defineGT̃m
n, MTm

n by

GT̃m
n5

def
dm

nLG2Fk
lnAk

l,m2Fkl
lnAkl

l,m2
]LG

]ck
,n

ck
,m ,

~2.67!

MTm
n5

def
dm

nL M2
]L M

]ck
,n

ck
,m2

]L M

]fA
,n

fA
,m , ~2.68!

which are the canonical energy-momentum densities of
gravitational field and of the matter field, respectively. Als
we define

GM̃ l
mn5

def
2~Cl

mn2xm GT̃l
n!, ~2.69!

MM̃ l
mn5

def
22xm MTl

n, ~2.70!

which are the ‘‘extended orbital angular momentum’’ den
ties of the gravitational field and of the matter field, respe
tively. There are the relations

T̃m
n5 GT̃m

n1 MTm
n, M̃l

mn5 GM̃l
mn1 MM̃l

mn.
~2.71!

The densitiesGT̃m
n, MTm

n, GM̃l
mn and MM̃l

mn transform ac-
cording to
GT̃8 m
n5 GT̃ m

n2~ tk
,lm1Ak

llt l
,m!Fk

ln2~vkl
,lm2vk

m,mAml
l2v l

m,mAkm
l!Fkl

ln1tk
,m

]LG

]ck
,n

1vkl
,m

]LG

]c [k
,n

c l ]

1~]rLr!dm
n2

]~]rLr!

]ck
,n

ck
,m2

]~]rLr!

]Ak
l,n

Ak
l,m2

]~]rLr!

]Akl
l,n

Akl
l,m1el

,m
GT̃l

n2en
,l

GT̃m
l2el

,l
GT̃m

n1er
,lmCr

ln,

~2.72!

MT8 m
n5 MT m

n1tk
,m

]L M

]ck
,n

1vkl
,m

]L M

]c [k
,n

c l ]1el
,m

MTl
n2en

,l
MTm

l2el
,l

MTm
n, ~2.73!

GM̃ 8 l
mn52~C8 l

mn2xm GT̃8 l
n2em GT̃ l

n!, ~2.74!

MM̃ 8 l
mn522xm MT8 l

n22em MT l
n, ~2.75!
4-5
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TOSHIHARU KAWAI PHYSICAL REVIEW D 62 104014
under the product transformations of Eqs.~2.22! and ~2.23!,
whereC 8 l

mn denotes the transformedC l
mn:

C 8 l
mn5C l

mn1tk
,lFk

mn1vkl
,lFkl

mn1
]~]rLr!

]Ak
m,n

Ak
l

1
]~]rLr!

]Akl
m,n

Akl
l2er

,lC r
mn1em

,rC l
rn

1en
,rC l

mr2er
,rC l

mn. ~2.76!

III. EXTENDED NEW GENERAL RELATIVITY

A. Reduction of Poincaré gauge theory
to extended new general relativity

In P̄GT, we consider the case in which the field streng
Rkl

mn vanishes identically,

Rkl
mn[0, ~3.1!

then, the curvature vanishes and we have a telepar
theory.

We choose theSL(2,C) gauge such that

Akl
m[0, ~3.2!

which reduces the expressions of vierbeinsek
m , affine con-

nection coefficientsGl
mn and the covariant derivativeDkf

to

ek
m5ck

,m1Ak
m , ~3.3!

Gl
mn5el

le
l
m,n , ~3.4!

Dkf
A5em

kDmfA, ~3.5!

DmfA5]mfA1 iAl
m~Plf!A, ~3.6!

respectively.
Since LR505dR, the gravitational Lagrangian densit

LG is reduced toLG5LT, which agrees with the gravitationa
Lagrangian density in new general relativity~NGR! @17,18#.
Thus, the gravitational field equations inENGR take the
same forms as those inNGR.

As is the case of the Lagrangian densityLG1LM in P̄GT,
L5LT1LM is invariant under the product transformations
Eq. ~2.22! with constvkl and Eq.~2.23!, but it violateslocal
SL(2,C) invariance.

The identities~2.27! and ~2.28! and the definitions~2.36!
and ~2.37! are reduced to@19#

dL

dck
1S dL

dAk
m
D

,m

1 i
dL

dfA
~Pkf!A[0, ~3.7!

]m
totSkl

m22
dL

dc [k
c l ]22

dL

dA[k
m

Al ]m2 i
dL

dfA
~Mklf!A[0,

~3.8!
10401
h

lel

f

totTk
m5Fk

m1 i
]L

]fA
,m

~Pkf!A, ~3.9!

totSkl
m522F[k

mc l ]22F[k
nmAl ]n2 i

]L

]fA
,m

~Mklf!A,

~3.10!

respectively. The identities~2.29! and ~2.30!, the expression
~2.43!, and the conservation laws~2.45! and ~2.46! remain
unchanged and there is no identity corresponding to E
~2.31! and ~2.32! and no expression corresponding to E
~2.44!.

The field equationdL /dck50 is automatically satisfied
if the field equationsdL /dAk

m50 anddL /dfA50 are both
satisfied.

The identity ~2.33!, the definitions~2.38! and ~2.42! are
reduced to

T̃m
n2]lCm

nl2
dL

dAk
n

Ak
m[0, ~3.11!

T̃m
n5

def
dm

nL2Fk
lnAk

l,m2
]L

]fA
,n

fA
,m2Fk

nck
,m ,

~3.12!

Cl
mn5

def
Fk

mnAk
l52Cl

nm, ~3.13!

respectively. The conservation laws~2.47! and~2.48! remain
unchanged.

For the case withc1521/(3k)52c2, we have exam-
ined @7# Mk ,Skl ,M

c
m , andLm

n defined in the same ways a
in P̄GT for asymptotically flat space-time by choosingck as
given by Eq.~2.49! and assuming some additional conditio
on asymptotic behaviors of field variables. The same exp
sions as Eqs.~2.50!–~2.53! hold also for this case.

B. Transformation properties of energy-momentum
and angular momentum densities

In the case of ENGR, the energy-momentum and ‘‘spi
angular momentum densitiesGTk

m, MTk
m, GSkl

m and MSkl
m

in P̄GT reduce to@20#

GTk
m5

]LT

]ck
,m

5
]LT

]Ak
m

, ~3.14!

MTk
m5

]L M

]ck
,m

1 i
]L M

]fA
,m

~Pkf!A5
]L M

]Ak
m

, ~3.15!

GSkl
m522

]LT

]c [k
,m

c l ]22F[k
nmAl ]n , ~3.16!

MSkl
m522

]L M

]c [k
,m

c l ]2 i
]L M

]fA
,m

~Mklf!A. ~3.17!
4-6
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Under the product transformations of Eqs.~2.22! and~2.23!,
these densities transform according as

GT8 k
m5 GTk

m2vk
l GT l

m1em
,n

GTk
n2el

,l
GTk

m

2vk
l
,nFl

mn, ~3.18!

MT8 k
m5 MTk

m2vk
l M T l

m1em
,n

MTk
n2el

,l
MTk

m,
~3.19!

GS8 kl
m5 GSkl

m2vk
m GSml

m2v l
m GSkm

m22t [k
GT l ]

m

1em
,n

GSkl
n2el

,l
GSkl

m22t [k,nFl ]
mn , ~3.20!

MS8 kl
m5 MSkl

m2vk
m MSml

m2v l
m MSkm

m

22t [k
MT l ]

m1em
,n

MSkl
n2el

,l
MSkl

m.

~3.21!

Equation~2.67! reduces to

GT̃m
n5dm

nLT2Fk
lnAk

l,m2
]LT

]ck
,n

ck
,m ~3.22!

with LT5
def

A2gLT, while Eqs. ~2.68!–~2.71! remain un-
changed.

The densitiesGT̃m
n and MTm

n transform according to

GT̃8 m
n5 GT̃ m

n2tk
,lmFk

ln1tk
,m

]LT

]ck
,n

1vkl
,m

]LT

]c [k
,n

c l ]

1el
,m

GT̃l
n2en

,l
GT̃m

l2el
,l

GT̃m
n1er

,lmCr
ln,

~3.23!

MT8 m
n5 MT m

n1tk
,m

]L M

]ck
,n

1vkl
,m

]L M

]c [k
,n

c l ]1el
,m

MTl
n

2en
,l

MTm
l2el

,l
MTm

n, ~3.24!

under the product transformations of Eqs.~2.22! and ~2.23!.
The transformation properties ofGM̃l

mn and of MM̃l
mn are

given by the same forms as Eqs.~2.74! and ~2.75!, respec-
tively, where, for the present case,GT̃8 m

n and MT8 m
n are

given by Eqs. ~3.23! and ~3.24!, respectively. Equation
~2.76! is reduced to

C 8 l
mn5C l

mn1tk
,lFk

mn2er
,lC r

mn1em
,rC l

rn

1en
,rC l

mr2er
,rC l

mn. ~3.25!

IV. SUMMARY AND DISCUSSIONS

We have examined the transformations properties
energy-momentum densities and of angular momentum d
sities both in P̄GT and in ENGR.

Results can be summarized as follows:
@1# Results inPoincare´ gauge theory~P̄GT!:
~1A! From Eqs.~2.63!–~2.66!, we see that the densitie

GTk
m, MTk

m, GSkl
m and MSkl

m are all space-time vector den
sities, i.e., they transform as vector densities under gen
coordinate transformations. Their transformation proper
10401
f
n-

ral
s

under internalPoincare´ transformations are summarized
follows:

~a! The dynamical energy-momentum densityGTk
m of the

gravitational field is invariant underlocal translations. It
transforms as a vector underglobal SL(2,C) transforma-
tions. But, it is not vectorial underlocal SL(2,C) transfor-
mations.

~b! The dynamical energy-momentum densityMTk
m of

the matter fieldfA is invariant underlocal translations. It
transforms as a vector underlocal SL(2,C) transformations.

~c! Underglobal translations, the ‘‘spin’’ angular momen
tum densityGSkl

m of the gravitational field receives transfo
mations which correspond to translations in internal spa
time, and it transforms as a tensor underglobal SL(2,C)
transformations. But, it is not tensorial underlocal Poincare´
transformations.

~d! The ‘‘spin’’ angular momentum densityMSkl
m of the

matter fieldfA is tensorial underlocal Poincare´ transforma-
tions.

~1B! From Eqs. ~2.72!–~2.76!, we see that GT̃m
n,

MTm
n, GM̃l

mn, and MM̃l
mn are all invariant underglobal

internalPoincare´ transformations. They are not invariant u
der local Poincare´ transformations. Also, we can see the fo
lowing:

~e! The canonical energy-momentum densityGT̃m
n of the

gravitational field transforms as tensor densities under af
coordinate transformationx8m5am

nxn1bm, but it does not
transform as a tensor density under general coordinate tr
formations@21#.

~f! The canonical energy-momentum densityMTm
n of the

matter fieldfA transforms as a tensor density under gene
coordinate transformations.

~g! Both of ‘‘extended orbital angular momentum’’ den
sities GM̃l

mn and MM̃l
mn transform as tensor densities und

constantGL(4,R)-coordinate transformations, and they r
ceive space-time translations under constant coordin
transformations. They do not transform as tensor dens
under general coordinate transformations.

@2# Results in extended new general relativity~ENGR!:
~2A! All the densitiesGTk

m, MTk
m, GSkl

m, and MSkl
m are

space-time vector densities. Also for the case of ENGR,
same statements as~a!, ~b!, and ~d! in ~1A! hold true for
GTk

m, MTk
m, and MSkl

m. As for GSkl
m, we have the follow-

ing @22#:
~c8) The density GSkl

m receives transformations whic
correspond to translations of the origin of internal space-ti
underglobal translations, and it transforms as a tensor un
local SL(2,C) transformations. But, it is not tensorial und
local internal translations.

~2B! Also for GT̃m
n, MTm

n, GM̃l
mn, and MM̃l

mn in
ENGR, the same statements as in~1B! hold true.

Since GTk
m, MTk

m, GSkl
m, and MSkl

m are all space-time
vector densities in both theories, the energy-momenta
angular momenta of the gravitational field and of the ma
field are defined well, and independent of the coordinate s
tem employed. For example, the energy-momentumGMk of
the gravitational field is defined by
4-7



n

gy
’’
ri
re

ty

ie
t

n
y

r
-

o

‘ex
ne
an
de
de
en
n

he

th
gy
it

fla
ul
e
la

ta
t

al
itie

-
nly

nd
not
-
ela-
y-
the
ties

c

TOSHIHARU KAWAI PHYSICAL REVIEW D 62 104014
GMk5
defE

s

GTk
mdsm , ~4.1!

and we have

GMk5E
s

GTk
mdsm5E

s

GT8k
mds8m . ~4.2!

As we have mentioned in the final parts of Secs. II A a
III A, the total energy-momentum and thetotal ~5spin
1orbital! angular momentum are given byMk andSkl for an
asymptotically flat space-time, while the canonical ener
momentumMc

m and ‘‘extended orbital angular momentum
Lm

n, which are obtained as the integrations of nontenso
quantitiesT̃m

n andM̃l
mn, on the other hand, vanish and a

trivial.
In both in P̄GT and in ENGR, the densitiesMTk

m and
MSkl

m are well behaved underlocal internalPoincare´ trans-
formations, while the energy-momentum densityGTk

m of the
gravitational field is well behaved underlocal internal trans-
lations. In ENGR, the ‘‘spin’’ angular momentum densi
GSkl

m of the gravitational field is well behaved underlocal
internalSL(2,C) transformations.

It is worth mentioning here that the Lagrangian densit
LG1LM in P̄GT andLT1LM in ENGR are both invarian
under local internal translations and underglobal internal
SL(2,C) transformations, but they violate the invariance u
der local internal SL(2,C) transformations. Thus, one ma
claim that we need not bother about the fact thatGTk

m in
P̄GT and in ENGR andGSkl

m in P̄GT are not tensorial unde
local internalSL(2,C) transformations. In ENGR, in particu
lar, this can be strongly asserted, becauselocal
SL(2,C)-gauge invariance is rather accidental@18# in this
theory due to the lack ofSL(2,C)-gauge potentialAkl

m .
We now give comments on alternative choices of sets

independent field variables:
$1% In P̄GT, we can choose$ck,ek

m ,Akl
m ,fA% as the set

of independent field variables@5,6,23#. The dynamical and
canonical energy-momentum densities and spin and ‘
tended orbital angular momentum’’ densities can be defi
also for this case. The dynamical energy-momentum
spin angular momentum densities are space-time vector
sities, and the canonical energy-momentum and ‘‘exten
orbital angular momentum’’ densities are not space-time t
sor densities. The transformation properties of these qua
ties under thePoincare´ gauge transformations are much t
same as in the case with$ck,Ak

m ,Akl
m ,fA% being em-

ployed. For the choice$ck,ek
m ,Akl

m ,fA%, however, the total
dynamical energy-momentum vanishes identically and
total canonical energy-momentum gives the total ener
momentum for the asymptotically flat space-time for a su
ably chosen coordinate system. Also, for asymptotically
space-time, the spin angular momentum and orbital ang
momentum are both divergent, and the total angular mom
tum is obtainable only as the sum of spin and orbital angu
momenta. Thus,the total energy-momentum and the to
angular momentum cannot be defined independently of
coordinate system employed, because both of the canonic
energy-momentum and orbital angular momentum dens
are not tensor densities.
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$2% In ENGR, we can choose$ck,ek
m ,fA% as the set of

independent field variables@7,24#. For this choice, almost the
same statements as in$1% hold, and the total energy
momentum and total angular momentum are obtained o
by using densities which are not tensor densities.

The choice$ck,Ak
m ,Akl

m ,fA% with the condition~2.49!
in P̄GT and the choice$ck,Ak

m ,fA% with the condition
~2.49! in ENGR are preferential to all the other choices.

In general relativity, all the known energy-momentum a
angular momentum densities of the gravitational field are
space-time tensor densities.Poincare´ gauge theory and ex
tended new general relativity are preferential to general r
tivity in the point that the former two theories have energ
momentum and angular momentum densities of
gravitational field which are true space-time vector densi
@25#.

APPENDIX

The irreducible componentstklm , vk , andak of Tklm are
defined by the following:

tklm5
def1

2 ~Tklm1Tlkm!1
1
6 ~hmkv l1hmlvk!2

1
3 hklvm ,

~A1!

vk5
def

Tl
lk , ~A2!

ak5
def1

6 «klmnT
lmn, ~A3!

where the symbol«klmn stands for completely antisymmetri
Lorentz tensor with« (0)(1)(2)(3)521 @26#.

The irreducible componentsAklmn ,Bklmn ,Cklmn ,Ekl ,
I kl ,R of Rklmn are defined by the following:

Aklmn5
def1

6 ~Rklmn1Rkmnl1Rknlm1Rlmkn1Rlnmk1Rmnkl!,

~A4!

Bklmn5
def1

4 ~Wklmn1Wmnkl2Wknlm2Wlmkn!, ~A5!

Cklmn5
def1

2 ~Wklmn2Wmnkl!, ~A6!

Ekl5
def1

2 ~Rkl2Rlk!, ~A7!

I kl5
def1

2 ~Rkl1Rlk!2
1
4 hklR, ~A8!

R5hklRkl ~A9!

with

Wklmn5
def

Rklmn2
1
2 ~hkmRln1h lnRkm2hknRlm2h lmRkn!

1
1
6 ~hkmh ln2h lmhkn!R, ~A10!

Rkl5
def

hmnRkmln . ~A11!
4-8
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